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��¡¥�Ü©7Ú�i�Ñ´�ó�, :Âa=�, þ�±ÏL:Â�¡.Ü
7^þ� Florida Tech �£fâ�/�.

3/34 î¼�m�÷�ÚÈ©��úª I Florida Tech (ÃÛp�nóÆ�) 4çÅ



1. ���þþþ���¼¼¼êêê���©©©ÆÆÆ

�þ  ∈ Rm �î¼�
|| =

p
(1)2 + · · ·+ (m)2.

� U ⊂ Rm, ƒ : U→ Rn,  ∈ U◦. ek n×m Ý
 A ¦ |h| → 0 �
ƒ (+ h)− ƒ ()− Ah = o(|h|),

K¡ A ´ ƒ 3  ��ê, P� A = ƒ ′() ½ A = Dƒ ().
� ƒ =

�
ƒ1, . . . , ƒn

�
, A �1  1� A, þª�1  ©þ

ƒ (+ h)− ƒ ()− Ah = o(|h|).
u´ ƒ  3  ��, �

A = ∇ƒ () =
�
∂1ƒ , . . . , ∂mƒ 

�
.

¤±

A =




∂1ƒ1 · · · ∂mƒ1
...

...
∂1ƒn · · · ∂mƒn


 . ƒ 3  � Jacobi Ý
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�m = n �, A ´�
, Ù1�ªP�

∂(ƒ1, . . . , ƒm)

∂(1, . . . , m)
= det



∂1ƒ1 · · · ∂mƒ1
...

...
∂1ƒn · · · ∂mƒn


 . (Jacobi 1�ª)

� U ⊂ Rm, V ⊂ Rn. ƒ : U→ Rn, g : V → Rℓ, ƒ (U) ⊂ V. KkEÜ
g ◦ ƒ : U→ Rℓ.

½½½nnn1 (ó{K). � ƒ 3  ∈ U ��, g 3 b = ƒ () ��, K g ◦ ƒ 3  ���
(g ◦ ƒ )′ () = g′(b)ƒ ′().
e y = g(),  = ƒ (), K



∂y1

∂1
· · · ∂y

1

∂m
...

...
∂yℓ

∂1
· · · ∂yℓ

∂m



=




∂y1

∂1
· · · ∂y

1

∂n
...

...
∂yℓ

∂1
· · · ∂y

ℓ

∂n







∂1

∂1
· · · ∂

1

∂m
...

...
∂n

∂1
· · · ∂

n

∂m



.
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½½½nnn2 (�¼ê½n). � Ω ´ Rm �mf8, ƒ : Ω → Rm ´ C1- N�,  ∈ Ω.
e det ƒ ′() 6= 0, Kk  �m�� U ⊂ Ω ±9 b = ƒ () �m�� V, ¦�
ƒ : U→ V ´�©Ó�. (Ny�©ÆÄÄÄ���ggg����;�)

5551. det ƒ ′() 6= 0 = ƒ ′() : Rm → Rm ´�5Ó�; K ƒ ÛÜ�_.

íííØØØ1 (ÛÜ÷�½n). � Ω ´ Rm �mf8, ƒ : Ω→ Rn ´ C1- N�,  ∈ Ω.
e rnk ƒ ′() = n, K b = ƒ () ´ ƒ (Ω) �S:.

5552. rnk ƒ ′() = n = ƒ ′() : Rm → Rn ´�5÷�; K ƒ ÛÜ÷.

yyy(íííØØØ1). .
ƒ ′() =



∂1ƒ1 · · · ∂mƒ1
...

...
∂1ƒn · · · ∂mƒn


 , det



∂1ƒ1 · · · ∂nƒ1
...

...
∂1ƒn · · · ∂nƒn


 6= 0.

� F : Ω→ Rm, F() = (ƒ1(), . . . , ƒn(), n+1, . . . , m). K

F′() =
��

∂ƒ j
�
,j=1,...,n

�
∂ƒ j
�
>n

0 m−n

�

�_. u´�±é F A^�¼ê½n.
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2. îîî¼¼¼���mmm���÷÷÷���ÚÚÚ���êêêÄÄÄ���½½½nnn

½½½nnn3 (�êÄ�½n). �  ∈ C, n ≥ 1,
p(z) = zn + 1zn−1 + · · ·+ n

´�õ�ª, K ∃ξ ∈ C ¦ p(ξ) = 0.

U Gauss3 200õccÒ�Ñ
y². �?\ 21V�, �Øäk#�y²u
L Sen00, LL10.

U ~�y²±E©Û½�êÿÀ�óä, FR97 k�¦�0�.

U î�1¥ OY03 $^ Green úªy² (^�õ�¼ê Arg ��;�).

U LL10 ¦^ Fourier _C�úªy² FTA.

U Sen00 Ì�$^�¼ê½n. �Ùy²�9E²¡�ÿÀf�m¥�m8!
48, ±9ëÏ5 �:8ÿÀVg.

5553. �¦�c?��)Un), ·��;�:8ÿÀ��£, �ÑXêÆ©
Û�y².
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� z = + iy, p(z) = (, y) + i(, y). À p �N� p : R2 → R2,
p(, y) = ((, y), (, y)) .

|^ Cauchy-Riemann �§´�
p′(z) = 0 ⇐⇒ detDp(, y) = 0, (, y) � p : R2 → R2 ��.:

Ï p′(z) ´ (n− 1)- gõ�ª, �N� p : R2 → R2 �kk���.:. w,lim
|(,y)|→∞

|p(, y)| = +∞,

ù¦·�£Áå²;(J (�
êÆ©ÛÖ�SK, XMei11, P343)

···KKK1 (Dei85, Page 24). � C1- N� ƒ : Rn → Rn ÷v

lim
||→∞

|ƒ ()| = +∞, (1)

¿�é ∀ ∈ Rn k detDƒ () 6= 0, K ƒ (Rn) = Rn.

5554. (1) XJUr ∀ ∈ Rn k detDƒ () 6= 0 ~f� �kk��  ¦
detDƒ () = 0, Ká����êÄ�½n.

(2) (1) ¿�X ƒ (Rn) ´ Rn �4f8. ùéu·�ßÑ½n5.
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½½½ÂÂÂ1. � ƒ : Rm → Rn ´ C1- N�,  ∈ Rm. e Dƒ () : Rm → Rn Ø´÷�,
K¡  � ƒ ��.:.

½½½nnn4 (ÛÜ÷�½n). � U ⊂ Rm, ƒ : U → Rn ´ C1- N�,  ∈ U◦. e
Dƒ () : Rm → Rn ´÷�, K ƒ () ´ ƒ (U) �S:.

5555. êïIMa11 ^§y²�å4�� Lagrange ¦ê{.

½½½nnn5 (LL18). � C1- N� ƒ : Rm → Rn �kk���.:, n ≥ 2, ¿�
ƒ (Rm)´ Rn �4f8, K ƒ (Rm) = Rn. (��4´7�^�)

yyy. P K � ƒ ��.:8, §k�, l ƒ (K) �k�.
U Rm\K ´ Rm �mf8. ∀ ∈ Rm\K, Dƒ () : Rm → Rn ÷.

d½n4, ƒ () ´ A = ƒ (Rm\K) �S:. � A´ Rn �mf8.

U ��b�,
A ∪ ƒ (K) = ƒ (Rm\K) ∪ ƒ (K) = ƒ (Rm) ´48.

U 5¿ ƒ (Rm) = ƒ (Rm) ⊃ A, ¯K8(��*þéw,�(J: em8 A Vk
��:�4, K A = Rn.
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ÚÚÚnnn1. � n ≥ 2, A ´ Rn ¥���mf8. ek p1, . . . , pk¦ A∪ {p}k=1 �
48, K A = Rn.

yyy. Ï A m, A ∩ ∂A = ∅.
A ∪ {p} = A ∪ {p}

= A ∪ ∂A ∪ {p}
=⇒ ∂A ⊂ {p},

= ∂A �k�8.

M

0
U F

Rn

R

ƒ (0)

ƒ (0)− ϵ

•
•
•

Ω
D

γ
• • b

φ

 y = φ ◦ 
U Rm−1

N Ñ 

T



Rm−1

t bR
b

 U
φ

Nt

•

•



p

 b /∈ A
A  ̄

1

íííØØØ2. � M ´m- �Ã>1w6/, C1- N� ƒ : M→ Rn �kk���.:,
n ≥ 2. e ƒ (M) ´ Rn �4f8, K ƒ (M) = Rn.

íííØØØ3. � n ≥ 2, M ´m- �Ã>1w;6/, ƒ : M → Rn ´ C1- N�, K ƒ
kÃ¡õ��.:.
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3. ÈÈÈ©©©������úúúªªª

U

Ũ

S

̃
ϕ

2

Q É dC76 (^ Green úªy²�
È©��úª) éu, ·�b�
(m− 1) È©��úª¤á, K�
½Â Rm ¥ (m− 1) �¡È©, ï
áÑÝ½n, 2^ÑÝ½ny m- 
È©��úª.

3.1. ¡¡¡ÈÈÈ©©©ÚÚÚÑÑÑÝÝÝ½½½nnn

U � U � Rm−1 ¥ Jordan �ÿ4«�, C1- N�  : U→ Rm 3 U◦ �ü� �
÷v rnk

�
∂/∂j

�
=m− 1, K¡  � C1- ëê¡.

U ¡ � ̃ : Ũ→ Rm �d, ek�©Ó� ϕ : Ũ→ U ¦ ̃ =  ◦ ϕ.
d� ̃(Ũ) = (U), Ïd�r  ��da [] � (U) �Ó, ¡�1w¡,
P� S = (U), ½ S = [ : U→ Rm].
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Ù� S = [ : U→ Rm] 3: () ?�{¥� (Cramer {K)

N() =

 
∂(2, . . . , m)

∂(1, . . . , m−1)
, . . . , (−1)m+1 ∂(

1, . . . , m−1)
∂(1, . . . , m−1)

!
.

� ƒ : S→ R ëY, ½Â ƒ 3 S þ�¡È©�∫

S
ƒ ()dσ =

∫

U
ƒ (()) |N()|d. (2)

d (m− 1)- È©��úª´ymà� S �ëêL«�ÀJÃ'.Q
é©¡1w¡  =

⋃ℓ
=1S, Ù¥ S = (U) pØS�, ½Â

∫


ƒdσ =

ℓ∑

=1

∫

S
ƒdσ. (U◦ ) ∩ j(U◦j ) = ∅.

½½½nnn6 (ÑÝ½n). � D ⊂ Rm �k.4«�, ∂D ©¡1w�½�, F ∈
C1(D,Rm), n ´ ∂D �N	{¥|, K∫

D
divFd =

∫

∂D
F · ndσ.
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3.2. üüü���«««���

� Ω �k.m«�,�k (m− 1)-� C1-ëê¡  : U→ Rm ¦ ∂Ω = (U),
K¡ Ω �ü�«�(5¿ U 4,  �I3 U◦ ü).
~~~1. Rm ¥�¥ B ´ü�«�. ~Xm = 3 ��/, ��

 : [0, π]×[0,2π]→R3, (φ, θ) 7→ (sinφ cosθ, sinφ sinθ, cosφ) .

½½½nnn7 (LZ17). � D Ú Ω ´ Rm ¥k C1- >.�k.m«�, Ω ü�, C2- N
� φ : Ω̄→ D̄ ò ∂Ω �©Ó�/N¤ ∂D, ƒ ∈ C(D̄), K∫

D
ƒ (y)dy = ±

∫

Ω
ƒ (φ()) Jφ()d, where Jφ() = detφ′().

5556. (1) ^�1E|Cui13, �� ƒ ´ Rm þ1w¼ê3 D̄ þ���.
(2) φ �L3>.þÐ, u´U�� Brouwer ØÄ:½n (½n9).
(3) P. Lax �Q>©?Ø��úª, � Lax99, Lax01, Tay02, Iva05.

Ù(J: ƒ ∈ C0(Rm)
φ3��¥	�ð�

∫

Rm
ƒ (y)dy =

∫

Rm
ƒ (φ())det

�∂y
∂

�
d.
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φ
Ω D

P

P̃ =
P ◦ φ

R

5

φ

 y = φ ◦ 
Rm−1

U

Ω D

N

Ñ

3

yyy. � φ : y = y(1, . . . , m). � P ¦ ∂P/∂y1 = ƒ , P P̃ = P ◦ φ.
�  : U→ Rm ´ ∂Ω �ëêz, K y = φ ◦ ´ ∂D �ëêz,

N =

 
∂(y2, . . . , ym)

∂(1, . . . , m−1)
, . . . , (−1)m+1 ∂(y

1, . . . , ym−1)
∂(1, . . . , m−1)

!

´ ∂D þ�{¥, n = ±N/ |N| = (n1, . . . , nm) ´N	{¥.
- A = (A1, . . . , Am), Ñ = (Ñ1, . . . , Ñm), Ù¥

A = (−1)+1
∂(y2, . . . , ym)

∂(1,. . .,̂,. . . ,m)
, Ñ = (−1)+1 ∂(

1,. . .,̂,. . .,m)

∂(1, . . . , m−1)
.

K ñ = ±Ñ/ ��Ñ�� ´ ∂Ω þ�N	{¥.
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d Cauchy-Binet úª,

±n1|N| = ∂(y2, . . . , ym)

∂(1, . . . , m−1)

=
m∑

=1

∂(y2, . . . , ym)

∂(1, . . . , ̂, . . . m)

∂(1, . . . , ̂, . . . m)

∂(1, . . . , m−1)
= A · Ñ,

dÑÝ½n, P ◦ y = P ◦ (φ ◦ ) = (P ◦ φ) ◦  = P̃ ◦ 
∫

D
ƒ (y)dy =

∫

D

∂P

∂y1
dy =

∫

∂D
Pn1dσ

= ±
∫

U
P(y())n1() |N()|d Ñ = ±|Ñ|ñ

= ±
∫

U
P̃(())(A · Ñ)d = ±

∫

U
(P̃A · ñ)|Ñ|d

= ±
∫

∂Ω
P̃A · ñdσ = ±

∫

Ω
div(P̃A)d. (3)
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yO� div(P̃A). P yk = ∂y
k/∂, K A ´

∂(y1, . . . , ym)

∂(1, . . . , m)
= det




y11 y12 · · · y1 · · · y1m
y21 y22 · · · y2 · · · y2m
...

...
...

...
ym1 ym2 · · · ym · · · ymm




¥ y1 ��ê{fª (u´d Hadamard ð�ªk divA = 0), u´
m∑

=1

y j
 A = δ

j
1

∂(y1, . . . , ym)

∂(1, . . . , m)
= δj1Jφ(), P̃() = P(φ())

div(P̃A) = ∇P̃ · A+ P̃divA = ∇P̃ · A = ƒ (φ())Jφ().

=
m∑

=1

� m∑

j=1

∂P

∂yj
∂yj

∂

�
A =

m∑

j=1

∂P

∂yj

� m∑

=1

y j
 A

�
= (∂y1P) Jφ()

d (3) �
∫

D
ƒ (y)dy = ±

∫

Ω
ƒ (φ()) Jφ()d.
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íííØØØ4. 3½n7 �^�e, e Jφ 3 Ω̄ þØCÒ, K∫

D
ƒ (y)dy =

∫

Ω
ƒ (φ()) | Jφ()|d.
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3.3. ������«««���

½½½nnn8. � D Ú Ω ´ Rm ¥ Jordan �ÿ�k.m«�, ƒ ∈ C(D̄), φ ∈
C1(Ω̄,Rm), φ : Ω→ D ´�©Ó�, K∫

D
ƒ (y)dy =

∫

Ω
ƒ (φ())| Jφ()|d. ƒ± = 1

2 (|ƒ | ± ƒ )

yyy. ƒ = ƒ+ − ƒ−, ƒ± ∈ C(D̄), �� ƒ ≥ 0. P ƒ̃ () = ƒ (φ())
��Jφ()

��.

(1) ∀ϵ > 0, �Ø�¥ B ⊂ Ω ¦ (Mei11, Ún13.4.2, (CXÚn))∫

Ω
ƒ̃ ()d− ϵ ≤

∑



∫

B
ƒ̃ ()d =

∑



∫

φ(B)
ƒ (y)dy ≤

∫

D
ƒ (y)dy.

(2) - ϵ→ 0 �
∫
Ω ƒ̃ ()d ≤

∫
D ƒ (y)dy.

(3) Ón�y
∫
D ƒ (y)dy ≤

∫
Ω ƒ̃ ()d.

18/34 î¼�m�÷�ÚÈ©��úª I Florida Tech (ÃÛp�nóÆ�) 4çÅ



4. Brouwer ØØØÄÄÄ:::½½½nnn

½½½nnn9 (Brouwer). � B ´ Rm ¥�ü 4¥, g : B→ B ´ëYN�. K g k
ØÄ:.
¯¤±�, �y½n9 �Iy²

···KKK2. Ø�3 φ ∈ C2(B,Rm) ¦ φ(B) ⊂ ∂B � φ|∂B = 1∂B.
yyy(ggg���555ggg BD93). �

φ

R

ƒƒ ◦ φ

ƒ > 0B

6

ƒ (y) =

¨ p
1− 4 |y|2, |y| ≤ 1

2 ,
0, 1

2 < |y| ≤ 1.
K  ∈ B � ƒ (φ()) = 0.
À φ :  7→ y ���N�, d½n7

0 <
∫

B
ƒ (y)dy

= ±
∫

B
ƒ (φ())det

�∂y
∂

�
d = 0, gñ.
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5557. U éõ<´3ÆS�êÿÀ�ÓN+�, Ägw� Brouwer ØÄ:½
n�y².

U éõ�©6/�Ö¥,Ñ��6/þ� Stokesúª�A^�ÑLBrouwer
ØÄ:½n�y².

U Mil78, Kan81 �ÑL Brouwer ØÄ:½n�Ð�y².

5558. éuÈ©��úª, ·��y²�`�5Xe:

(1) ��´|©�O� (Cauchy-Binet), �´un), Bu�,ùÇ.

(2) y²L§¥Ó��ïá
¡È© �nØ (�)ÑÝ½n).

(3) d·��y²á� Brouwer ØÄ:½n.

~~~2 (Brouwer ØÄ:½n�A^). � A �_, ƒ : Rn → Rn ÷v

lim
||→∞

|ƒ ()|
|| = 0,

n∑

j=1

j
j = ƒ (1, . . . , n)

� −Δ = λ+ ƒ (),
|∂Ω = 0. lim

|t|→∞
ƒ (t)

t
= 0.

K��5�ê�§| A = ƒ () k) (A = b, Cramer {K�í2).
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5. {{{¡¡¡ÈÈÈúúúªªª999AAA^̂̂

 t b
Nt

•p

4

ÉMei11 K�, ·Cc�Æ¥0�
{¡Èúª.

½½½nnn10. � G ⊂ Rm �k.m8, ƒ ∈ C2(G), ∀ ∈ G
k ∇ƒ () 6= 0. Ω = ƒ−1[, b] ⊂ G.
e g ∈ C(Ω), K

∫

Ω
g =
∫ b


dt
∫

ƒ−1(t)

g

|∇ƒ |dσ.

yyy(���{{{ggg WSY89, §11). é p ∈ ƒ−1(), �
(·, p) ´Ð�¯K

′ =
∇ƒ ()

|∇ƒ ()|2 , () = p (4)

�), K (b, p) ∈ ƒ−1(b). (3ê©¥^~�´·��
MÞ)
� ƒ−1() �ëêz φ : U → Rm, K3SÜ T : U ×
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[, b]→ Rm,
T(, t) = (t − ,φ())

´ C1- ü�, T(·, t) : U→ Rm ´ ƒ−1(t) �ëêL«,
{¥� Nt().

M

0
U F

Rn

R

ƒ (0)

ƒ (0)− ϵ

•
•
•

Ω
D

γ
• • b

φ

 y = φ ◦ 
U Rm−1

N Ñ 

T



Rm−1

t bR
b

 U
φ

Nt

•

•



p

 b /∈ A
A  ̄

1

Ðm detT′(, t), $^ (4), �
��detT′(, t)

��= |Nt()|
|∇ƒ (T(, t))| 6= 0.

� T 3 U◦ × (, b) ´�©Ó�. dÈ©
��Ú Fubini

∫

Ω
g()d =

∫

T(U×(,b))
g()d  = T(, t)

=
∫

U×(,b)
g (T(, t))

��detT′(, t)
��ddt

=
∫ b


dt
∫

U

g (T(, t))

|∇ƒ (T(, t))| |Nt()|d
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=
∫ b


dt
∫

ƒ−1(t)

g

|∇ƒ |dσ.

~~~3 (m = 2 � LF89). � B ´ Rm ¥ü ¥, ƒ ∈ C1(B), ƒ |∂B = 0. ¦
 = lim

ϵ→0+

∫

B\Bϵ

 · ∇ƒ ()
||m d, where Bϵ : || ≤ ϵ.

))). d¡È©�½Â (2),
∫

||=t
g()dσ = tm−1

∫

|y|=1
g(ty)dσ.

∫

B\Bϵ

 · ∇ƒ ()
||m d =

∫ 1

ϵ
dt
∫

||=t
 · ∇ƒ ()
||m dσ

=
∫ 1

ϵ

�
tm−1

∫

|y|=1
(ty) · ∇ƒ (ty)
|ty|m dσ

�
dt

=
∫ 1

ϵ
dt
∫

|y|=1
∇ƒ (ty) · ydσ =

∫

|y|=1
dσ
∫ 1

ϵ

d

dt
ƒ (ty)dt
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=
∫

|y|=1
[−ƒ (ϵy)] dσ→−ƒ (0)ωm.
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NNN¹¹¹

Q L- ¦ê{�y², F() = (ƒ (), g1(), . . . , gn()). d½n4 k

min{ ƒ : Rm → R} F : U→ Rn+1

g1() = 0
...

gn() = 0

rnkF′(0) = rnk




∇ƒ (0)
∇g1(0)

...
∇gn(0)



= n,

u´ ∇ƒ (0) ∈ spn
¦
∇g1(0), . . . ,∇gn(0)

©
.
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M

0
U F

Rn

R

ƒ (0)

ƒ (0)− ϵ

•
•
•

Ω
D

γ
• • b

φ

 y = φ ◦ 
U Rm−1

N Ñ 

T



Rm−1

t bR
b

 U
φ

Nt

•

•



p

 b /∈ A
A  ̄

1

29/34 î¼�m�÷�ÚÈ©��úª I Florida Tech (ÃÛp�nóÆ�) 4çÅ



Q {¡Èúª� “��{"

|∇ƒ | −1dty

ƒ = t

ƒ = t + dt

dσ


dV =
dtdσ

|∇ƒ |

1

� G ⊂ Rm, ƒ : G→ R.
Ω = ƒ−1[, b], g : Ω→ R.

3  ∈ ƒ−1(t) �¡� dσ.
L  �{�� ƒ−1(t + dt) u y.

dt = ƒ (y)− ƒ ()
≈ ∇ƒ () · (y− ),

|y− | = dt

|∇ƒ ()| .
. dσ, p |y− | �ÎN�NÈ

dV =
dtdσ

|∇ƒ ()| , dm =
g()

|∇ƒ ()|dtdσ.
∫

ƒ=t
dm = ƒ−1[t, t + dt]�þ.

Ïd Ω �o�þ�
∫

Ω
g()d =

∫ b


dt
∫

ƒ=t

g()

|∇ƒ ()|dσ.
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Q ó{K� Cauchy-Binet �A^




∂y2

∂1
· · · ∂y2

∂m−1
...

...
∂ym

∂1
· · · ∂ym

∂m−1


=




∂y2

∂1
· · · ∂y2

∂
· · · ∂y2

∂m

...
...

...
∂ym

∂1
· · · ∂ym

∂
· · · ∂ym∂m







∂1

∂1
· · · ∂1

∂m−1
...

...
∂

∂1
· · · ∂

∂m−1
...

...
∂m

∂1
· · · ∂m

∂m−1




(m−1)×(m−1) (m−1)×m m×(m−1)
d Cauchy-Binet =�

∂(y2, . . . , ym)

∂(1, . . . , m−1)
=

m∑

=1

∂(y2, . . . , ym)

∂(1, . . . , ̂, . . . m)

∂(1, . . . , ̂, . . . m)

∂(1, . . . , m−1)
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Q È©��úª�~�y²

U k
�á±Ø�î>��ª (�¿Ñ�p�Ã¡�) ��

Are(T(σ)) ≈
��� ∂(,y)∂(,)

���Are(σ), dim (σ)→ 0.

¿dd©Û Riemann Ú�Ñy².
U ,�
�áké{ü�C�?1y², 2ÅÚLÞ����/. y²�,î
>, %Lu�E.

U qk�ár¡ S = r(D) (r : D→ R3) �¡È½Â�

AAA (S) =
∫∫

D
|r × r |dd.

��A~, D 3C� T : (,) 7→ ((,), y(,)) e���¡È
AAA (T(D)) =

∫∫

D

����
∂(, y)

∂(,)

����dd. (5)

ddØJÏL©Û Riemann Úy���úª. Ì�Øy��Ø!
U �k
�á$^ Green úª5y² (5), 2ïÄ Riemann Ú.
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½½½nnn11 (��úª). � C2- C� T : D→ Ω,
(,) 7→ ((,), y(,))

r - ²¡4«� D �>. ∂D �©Ó�/N¤ y- ²¡4«� Ω �>.
∂Ω, ƒ ∈ C(Ω), K

∫∫

Ω
ƒ (, y)ddy = ±

∫∫

D
ƒ ((,), y(,))

∂(, y)

∂(,)
dd. (6)

yyy(dC76). � Q ∈ C1(Ω) ¦ Q = ƒ . 2� ∂D9 ∂Ω �ë��
(,) = ((t), (t)), (, y) = (((t), (t)), y((t), (t))),

R

T

Q

D �

QQ

�Green��,∫∫

Ω
ƒ (, y)ddy =

∫∫

Ω
Qddy =

∮

∂Ω
Qdy

= ±
∫ b


Q(((t), (t)), y((t), (t)))ẏ(t)dt

= ±
∫ b


Q̃((t), (t))(ẏ+ ẏ)dt

= ±
∮

∂D

�
Q̃y
�

d+
�
Q̃y
�

d

= ±
∫∫

D

��
Q̃y
�

 −
�
Q̃y
�



�
dd

= ±
∫∫

D
ƒ ((, ), y(, ))

∂(, y)

∂(, )
dd.

�
∂(, y)

∂(, )
�= 0, �ƒ ≡ 1��± ∂(, y)

∂(, )
=
����
∂(, y)

∂(, )

����.

7/18 � Xiamen University (����) ���06:48

t ∈ [, b]. P Q̃ = Q ◦ T, K�
Q̃y

�
 −

�
Q̃y

�
 = Q̃y − Q̃y

=
�
Q +Qyy

�
y −

�
Q +Qyy

�
y

= Q(y − y) = (ƒ ◦ T)
∂(, y)

∂(,)
.
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R

T

Q

D �

QQ

�Green��,∫∫

Ω
ƒ (, y)ddy =

∫∫

Ω
Qddy =

∮

∂Ω
Qdy

= ±
∫ b


Q(((t), (t)), y((t), (t)))ẏ(t)dt

= ±
∫ b


Q̃((t), (t))(ẏ+ ẏ)dt

= ±
∮

∂D

�
Q̃y
�

d+
�
Q̃y
�

d

= ±
∫∫

D

��
Q̃y
�

 −
�
Q̃y
�



�
dd

= ±
∫∫

D
ƒ ((, ), y(, ))

∂(, y)

∂(, )
dd.

�
∂(, y)

∂(, )
�= 0, �ƒ ≡ 1��± ∂(, y)

∂(, )
=
����
∂(, y)

∂(, )

����.

7/18 � Xiamen University (����) ���06:48

d Green úª,∫∫

Ω
ƒ (, y)ddy

=
∫∫

Ω
Qddy =

∮

∂Ω
Qdy

= ±
∫ b


Q(((t), (t)), y((t), (t)))ẏ(t)dt

= ±
∫ b


Q̃((t), (t))(ẏ+ ẏ)dt

= ±
∮

∂D

�
Q̃y

�
d+

�
Q̃y

�
d = ±

∫∫

D

��
Q̃y

�
 −

�
Q̃y

�


�
dd

= ±
∫∫

D
ƒ ((,), y(,))

∂(, y)

∂(,)
dd.

5559. ^ù«�{?nÈ©��úª, 7Lkù�È©!Green úª.
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NNN¹¹¹

Q É HLW09 éu, 3�§¥·�ùÇ Rm ¥ k- �¡þ�¡È©.

{�?Ø Rm ¥�²1 2k- ¡N�NÈ��,

� Rm ¥ k- �¡ S �ëêL«�  : U→ Rm, Ù¥

U U ´ Rk ¥ Jordan �ÿ�k.4«�,
U  3 U◦ ü, rnk′() = k, ùp

′() =

 
∂

∂j

!

m×k
.

� ƒ : S→ R ëY, ·�½Â∫

S
ƒdσ =

∫

U
ƒ (())

p
det

�
(′())T′()

�
d.

d k- È©��úª´ymà� k- È©� S �ëêL«Ã'.
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Thank you!
http://www.liusb.com
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